Abstract. Let L = −∆ + V (x) be a Schrödinger operator, where ∆ is the Laplacian on R n , while nonnegative potential V (x) belonging to the reverse Hölder class. We establish the boundedness of the commutators of Marcinkiewicz integrals with rough kernel associated with schrödinger operator on vanishing generalized Morrey spaces.
Introduction and main results
The classical Morrey spaces M p,λ have been introduced by Morrey in [19] to study the local behavior of solutions of second order elliptic partial differential equations(PDEs). In recent years there has been an explosion of interest in the study of the boundedness of operators on Morrey-type spaces. It has been obtained that many properties of solutions to PDEs are concerned with the boundedness of some operators on Morrey-type spaces. In fact, better inclusion between Morrey and Hölder spaces allows to obtain higher regularity of the solutions to different elliptic and parabolic boundary problems.
Let R n be the n−dimensional Euclidean space of points x = (x 1 , ..., x n ) with
. Let B = B(x 0 , r B ) denote the ball with the center x 0 and radius r B . For a given measurable set E, we also denote the Lebesgue measure of E by |E|. For any given Ω ⊆ R n and 0 < p < ∞, denote by L p (Ω) the spaces of all functions f satisfying
We recall the definition of classical Morrey spaces M p,λ as
where f ∈ L loc p (R n ), 0 ≤ λ ≤ n and 1 ≤ p < ∞.
F.GURBUZ
Note that M p,0 = L p (R n ) and M p,n = L ∞ (R n ). If λ < 0 or λ > n, then M p,λ = Θ, where Θ is the set of all functions equivalent to 0 on R n . It is known that M p,λ (R n ) is an expansion of L p (R n ). We also denote by W M p,λ ≡ W M p,λ (R n ) the weak Morrey space of all functions f ∈ W L loc p (R n ) for which where g * denotes the non-increasing rearrangement of a function g. Throughout the paper we assume that x ∈ R n and r > 0 and also let B(x, r) denotes the open ball centered at x of radius r, B
C (x, r) denotes its complement and |B(x, r)| is the Lebesgue measure of the ball B(x, r) and |B(x, r)| = v n r n , where v n = |B(0, 1)|.
Morrey has stated that many properties of solutions to PDEs can be attributed to the boundedness of some operators on Morrey spaces. For the boundedness of the Hardy-Littlewood maximal operator, the fractional integral operator and the Calderón-Zygmund singular integral operator on these spaces, we refer the readers to [1, 5, 20] . For the properties and applications of classical Morrey spaces, see [6, 7, 11, 12] and references therein. The generalized Morrey spaces M p,ϕ are obtained by replacing r λ with a function ϕ (r) in the definition of the Morrey space. During the last decades various classical operators, such as maximal, singular and potential operators have been widely investigated in classical and generalized Morrey spaces.
The study of the operators of harmonic analysis in vanishing Morrey space, in fact has been almost not touched. A version of the classical Morrey space M p,λ (R n ) where it is possible to approximate by "nice" functions is the so called vanishing Morrey space V M p,λ (R n ) has been introduced by Vitanza in [30] and has been applied there to obtain a regularity result for elliptic PDEs. This is a subspace of functions in M p,λ (R n ), which satisfies the condition
Later in [31] Vitanza has proved an existence theorem for a Dirichlet problem, under weaker assumptions than in [18] and a W 3,2 regularity result assuming that the partial derivatives of the coefficients of the highest and lower order terms belong to vanishing Morrey spaces depending on the dimension. Also Ragusa has proved a sufficient condition for commutators of fractional integral operators to belong to vanishing Morrey spaces V M p,λ (R n ) ( [21, 22] ). For the properties and applications of vanishing Morrey spaces, see also [4] . It is known that, there is no research regarding boundedness of the Marcinkiewicz integrals with rough kernel on vanishing Morrey spaces.
Suppose that S n−1 is the unit sphere in R n (n ≥ 2) equipped with the normalized Lebesgue measure dσ = dσ (x ′ ). In [25] , Stein has defined the Marcinkiewicz integral for higher dimensions. Suppose that Ω satisfies the following conditions.
(a) Ω is the homogeneous function of degree zero on R n \ {0}, that is,
(b) Ω has mean zero on S n−1 , that is,
where
, where
Since Stein's work in 1958, the continuity of Marcinkiewicz integral has been extensively studied as a research topic and also provides useful tools in harmonic analysis [17, 26, 27, 29] . Remark 1. We easily see that the Marcinkiewicz integral operator of higher dimension µ Ω can be regarded as a generalized version of the classical Marcinkiewicz integral in the one dimension case. Also, it is easy to see that µ Ω is a special case of the Littlewood-Paley g-function if we take
When Ω satisfies some size conditions, the kernel of the operator µ Ω has no regularity, and so the operator µ Ω is called rough Marcinkiewicz integral operator. In recent years, a variety of operators related to the singular integrals for Calderón-Zygmund operators, but lacking the smoothness required in the classical theory, have been studied. The theory of Operators with rough kernel is a well studied area (see [14] and [17] for example).
For simplicity of notation, Ω is always homogeneous function of degree zero and satisfies Ω ∈ L q (S n−1 ), 1 < q ≤ ∞ and (1.2) throughout this paper if there are no special instructions. Now we give the definition of the commutator generalized by µ Ω and b by
The rough Hardy-Littlewood maximal operator M Ω and commutator of the Hardy-Littlewood maximal operator with rough kernel are defined by
The following results concerning the boundedness of commutator operators µ Ω,b and M Ω,b on L p space are known.
On the other hand, in this paper we consider the Schrödinger operator
where V (x) is a nonnegative potential belonging to the reverse Hölder class RH q , for some exponent q ≥ n 2 ; that is, there exists a constant C such that the reverse Hölder inequality
holds for every ball B ⊂ R n ; see [24] . We introduce the definition of the reverse Hölder index of V as q 0 = sup {q : V ∈ RH q }. It is worth pointing out that the RH q class is that, if V ∈ RH q for some q > 1, then there exists ε > 0, which depends only on n and the constant C in (1.3), such that V ∈ RH q+ε . Therefore, under the assumption V ∈ RH n 2 , we may conclude q 0 > n 2 . Throughout this paper, we always assume that 0 = V ∈ RH n . In particular, Shen [24] has considered L p estimates for Schrödinger operators L with certain potentials which include Schrödinger Riesz transforms
Then, Dziubański and Zienkiewicz [10] has introduced the Hardy type space H 1 L (R n ) associated with the Schrödinger operator L, which is larger than the classical Hardy space
Similar to the Marcinkiewicz integral operator with rough kernel µ Ω , we define the Marcinkiewicz integral operator with rough kernel µ L j,Ω associated with the Schrödinger operator L by
In this paper, we write
Obviously, µ j are classical Marcinkiewicz functions. Therefore, it will be an interesting thing to study the properties of µ 
For a given potential V ∈ RH q , with q > n 2 , we introduce the auxiliary function
The above assumptions ρ (x) are finite, for all
Proposition 1. (see [24] ) There exist C and k 0 ≥ 1 such that
Proposition 2. (see [10] ) There exist a sequence of points {x k } ∞ k=1 in R n , so that the family B k = B (x k , ρ (x k )), k ≥ 1, satisfies the following:
(1)
(2) There exist N such that, for every k ∈ N , card {j :
where ρ is the auxiliary function.
Tang and Dong [28] [24] has given the following kernel estimate that we need.
Lemma 2. If V ∈ RH n , then, one has (i) for every N there exist a constant C such that
(ii) for every N and 0 < δ < min 1, 1 − n q0 , there exists a constant C such that
, where |x − y| < 2 3 |x − z|, (iii) if K denotes the R n vector valued kernel of the classical Riesz operator, for every 0 < δ < 2 − n q0 , we have
Let us define the generalized Morrey spaces as follows. Definition 1. Let ϕ(x, r) be a positive measurable function on R n × (0, ∞) and 1 ≤ p < ∞. We denote by M p,ϕ ≡ M p,ϕ (R n ) the generalized Morrey space, the space of all functions f ∈ L loc p (R n ) with finite quasinorm
ϕ(x, r) −1 |B(x, r)|
According to this definition, we recover the Morrey space M p,λ and weak Morrey space W M p,λ under the choice ϕ(x, r) = r λ−n p :
The vanishing generalized Morrey spaces V M p,ϕ (R n ) which has been introduced and studied by Samko [23] is defined as follows. ϕ(x, t) < ∞, which make the spaces V M p,ϕ (R n ) non-trivial, because bounded functions with compact support belong to this space. The spaces V M p,ϕ (R n ) and W V M p,ϕ (R n ) are Banach spaces with respect to the norm (see, for example [23] )
respectively. The spaces V M p,ϕ (R n ) and W V M p,ϕ (R n ) are closed subspaces of the Banach spaces M p,ϕ (R n ) and W M p,ϕ (R n ), respectively, which may be shown by standard means.
Furthermore, we have the following embeddings:
For the properties and applications of vanishing generalized Morrey spaces, see also [2, 15] .
In [2] the boundedness of the Marcinkiewicz integrals with rough kernel associated with schrödinger operator on vanishing generalized Morrey spaces V M p,ϕ (R n ) has been investigated.
Inspired by [2] , we give BM O (bounded mean oscillation space) estimates for commutators of Marcinkiewicz integrals with rough kernel associated with schrödinger operator on vanishing generalized Morrey spaces V M p,ϕ (R n ). Our main results can be formulated as follows.
Let Ω ∈ L q (S n−1 ), 1 < q ≤ ∞ satisfies (1.1), (1.2) and V ∈ RH n . Then, for q ′ ≤ p the inequality
holds for any ball B(x 0 , r) and for all f ∈ L loc p (R n ). Also, for p < q the inequality
holds for any ball B(x 0 , r) and for all f ∈ L loc p (R n ).
for every δ > 0, and
, and for p < q if the pair (ϕ 1 , ϕ 2 ) satisfies conditions (1.5)-(1.6) and also
for every δ ′ > 0, and (1.14)
, where C 0 does not depend on x ∈ R n and r > 0, then the operators µ
By A B we mean that A ≤ CB with some positive constant C independent of appropriate quantities. If A B and B A, we write A ≈ B and say that A and B are equivalent.
Some preliminaries
We begin with some properties of BM O (R n ) spaces which play a great role in the proofs of our main results.
Let us recall the defination of the space of BM O(R n ).
If one regards two functions whose difference is a constant as one, then the space BM O(R n ) is a Banach space with respect to norm · * .
Let T be a linear operator. For a locally integrable function b on R n , we define the commutator [b, T ] by
for any suitable function f . The commutators are useful in many nondivergent elliptic equations with discontinuous coefficients, [6, 7, 11, 12] . Let T be a C-Z operator. A well known result of Coifman, Rochberg and Weiss [?] states that
and Ω is smooth, the commutator
The commutator of C-Z operators plays an important role in studying the regularity of solutions of elliptic partial differential equations of second order (see, for example, [6, 7, 11] ). The boundedness of the commutator has been generalized to other contexts and important applications to some non-linear PDEs have been given by Coifman, Lions, Meyer and Semmes [8] .
Remark 2. (1)
The John-Nirenberg inequality : there are constants
(2) The John-Nirenberg inequality implies that
where C is independent of b, x, r and t.
The following lemma has been proved in [16] .
where C > 0 is independent of f , x, r 1 and r 2 .
Proofs of the main results

Proof of Theorem 3.
In the proof we have used the idea in [13] . It suffices to show that
where M Ω,b denotes commutator of the Hardy-Littlewood maximal operator with rough kernel. Fix x ∈ R n and let r = ρ (x).
For E 1 , by Lemma 2, we have
Obviously,
For E 3 , using Lemma 2 again, we get
It remains to estimate E 4 . By Lemma 2, we obtain
Thus, Theorem 3 is proved.
3.2. Proof of Theorem 4. For x ∈ B (x 0 , t), notice that Ω is homogenous of degree zero and Ω ∈ L q (S n−1 ), 1 < q ≤ ∞. Then, we obtain
Let 1 < p < ∞ and q ′ ≤ p. For any x 0 ∈ R n , set B = B (x 0 , r) for the ball centered at x 0 and of radius r and 2B = B (x 0 , 2r). We represent f as
and have
It is known that x ∈ B, y ∈ (2B) C , which implies
Hence we get We have the following estimation of J 1 . When q ′ ≤ p and 
